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ABSTRACT 
We prove certain interlacing inequalities for the eigenvalues of totally positive 
matrices. 
INTRODUCTION 
Throughout this paper we assume that A is an n X n real valued matrix. 
Arrange its eigenvalues in the following order: 
Let S, denote the set of n X n real valued symmetric matrices. Assume 
that A E S,. Then A,(A) has the maximal characterization 
x’Ax 
X,(A)=max- 
xzo X’X 
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Suppose furthermore that B E S, and B > A, i.e. B - A is positive 
definite. Then the above maximal characterization implies Xi(B) > Xi(A). 
The minimax characterizations of the other eigenvalues, i.e. the Courant-Fisher 
characterization [2] and the convoy principle [4], imply Xi(B) > Xi(A) for all 
i. That is, the eigenvalues of symmetric matrices are monotone with respect to 
the natural order on symmetric matrices. Let Ak be an (n - 1)x( n - 1) 
matrix obtained from A by erasing the kth row and column of A. It can be 
shown that the monotone properties of the eigenvalues of symmetric matrices 
imply the inequalities 
X,(A) > A,(‘,) 2 Xi+,(A)> i=l,...,n-1, (2) 
for all k. In fact these inequalities can be deduced directly and are the famous 
Cauchy interlacing inequalities [ 11. 
Let Mi denote the set of n X n real nonnegative matrices. The well-known 
Perron-Frobenius theorem claims that Xi(A) > 0 for A E Mz. The famous 
Wielandt characterization [lo] 
inf mm w= sup minO,=X,(A) 
x>o i xi *>I3 i *i 
(3) 
provides a complete analogy to (1). Assume that A, B E MT. Let B > A, i.e. 
B - A is nonnegative. The Wielandt characterization implies that hi(B) > 
X,(A). In particular we get the inequality 
b(A) a h(4), k=l,...,n. (4) 
Since the real spectrum of a nonnegative matrix A may be {h,(A)}, the 
inequality (4) seems to be the obvious version of (2) for nonnegative matrices. 
Recall that a nonnegative matrix A is called totally positive (TP) if all its 
minors are nonnegative. It is well known that the spectrum of a totally 
positive matrix is nonnegative. See for example [5] or [8] for good references 
on the totally positive matrices. As any submatrix of a totally positive matrix is 
also totally positive, it is natural to ask if (2) applies to the totally positive 
matrix A. Due to the special structure of totally positive matrices, (2) holds 
for any TP matrix with k = 1 and k = n (e.g. [5, pp. 124-125, 307-3081). 
However, (2) already fails for 3 X 3 totally positive matrices with k = 2; see 
for example [9]. In this paper we show that the eigenvalues of totally positive 
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matrices satisfy in addition to (4) the following inequalities: 
h(&> 2 h(A), k=l,...,n; (5) 
h,-,(&) a X,(A), k=l,...,n. (6) 
Thus, 3 x_3 totally positive matrices do not satisfy in general the inequality 
X,(A) > X,(A,). 
Finally, we remark that the inequality (6) can be used to deduce the 
Hadamard-Fischer inequality, which is valid for the o-matrices [3]. 
MAIN RESULTS 
A real valued n X n matrix A is called totally positive (strictly totally 
positive) of order k, abbreviated TP, (STP,), if all j X j minors of A are 
nonnegative (positive) for j = 1,. . . , k. We refer to [5] or [8] for the standard 
facts about the totally positive matrices. Applying the Perron-Frobenius 
theorem to the first k compounds of A we deduce that the first k eigenvalues 
of a STP, matrix A are positive. Since a TPj matrix of rank greater than or 
equal to j can be approximated by STPj matrices, [5, pp. 307-3081, we 
deduce that the first k eigenvalues of a TP, matrix are nonnegative. 
THEOREM 1. Let A be an n X n rnutrix which is totally positive of order 
2. Then the inequality (5) holds. 
Proof. If A is a rank one matrix, then X,(A) = 0 and (5) trivially holds. 
So we may assume that at least one 2 X 2 minor of A is positive. Let 
J, = (e-N-j)2)y. 
It is known [5, p. 891 that J,, is strictly totally positive (STP,,) for every 
positive u. Let 
Apply the Cauchy-Binet formula to deduce that A,, is STP, for u > 0. Since 
lim ~ _ o. A,, = A, to prove (5) we may assume that A is STP,. In that case we 
98 
have 
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Au = h,(A)u, u = (u, ,..., u,Jt, s+(U)=s-(u)=l. 
(See for example [5, p. 3021.) That is, either u = ((u’)‘, - (u2)‘)’ where each 
ui is positive, or u has precisely one zero component ui, 1 < j < n, and 
u = ((u’)“,O, - (u2)‘)’ where each ui is positive. Assume first that u does 
not have zero components. Partition A = (A,,): conformally with U’ and u2. 
It then follows that 
A,,d = h,(A)u’ + A,,u2, 
A2,u2 = X2(A)u2 + A,,u’. 
The Wielandt characterization (3) yields 
&(A,,) 2 A,(A), &(A,,) 2 X264). 
Since either A,, or A,, is a submatrix of A, the monotonicity of the spectral 
radius of nonnegative matrices implies X 1( Ak) > min( h 1( A 11), h 1( A&). This 
proves (5) in the above case. The case where u has one zero element is 
argued similarly. n 
THEOREM 2. Assume that all (n - 2)X(n - 2), (n - l)X(n - l), and 
n x n minors of A are nonnegative. Then the inequality (6) holds. 
Proof, Assume first that all (n - 1)X (n - 1) minors of A vanish. So 
rank(A) < n - 1. It then follows that h,(A) = X,_ l(A”k) = 0 and the in- 
equality (6) holds. So we may assume that at least one (n - 1) X (n - 1) minor 
of A is positive. Hence at least one (n - 2) X (n - 2) minor of A is positive. 
Consider the matrix A, for u > 0. The Cauchy-Binet formula implies that all 
(n-2)X(n-2)and(n-l)X(n--I) minors of A, are positive. Therefore, 
without loss of generality, we may assume that all (n - 2)x( n - 2) and 
(n - 1) X( n - 1) minors of A are positive. Let D be a diagonal matrix of 
order n - 1 of the form diag{l, - 1,1 ,..., (-1)“p2}. Put B=DAkD. The 
well-known adjoint formula for the inverse of B implies that B-’ is positive. 
So h, ,(ik) > 0. Hence, if A is singular, the inequality (6) trivially holds. 
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Thus we may assume that the determinant of A is positive. Let 
Put 
D&Du = X,_,(&)u. u=(u,,...,u,_JL>O. 
v = ((v’)‘,O, -(v”)‘)‘, v’=(ul,...,u,_,>‘, v2= (Uk,...,U,_Jf, 
Q=diag{l, -l,l,..., (-l)“-‘}, C = QAQ, F = Cp’. 
It then follows that 
cv = A._&4,)((dy,., -(v”,‘)‘, 
F((v’)‘,a, -(v2)‘)f=X,l(A,)-‘v 
for some real a. Assume first that a is negative. Partition F = ( Fij)f so that 
F,, is of order k - 1 and F,, of order n - k + 1. We then deduce 
F,,v’ = X,_ I( &) ?? + F,,( - a,(~~)‘)~. 
The Wielandt characterization yields 
This proves the inequality (6) in this case. The case a > 0 is treated 
similarly. l 
COROLLARY. Let A be a TP matrix. Then the inequalities (4) (5), and 
(6) hold. 
REMARK. This paper is a slight variation of a unpublished manuscript 
dated August 1975. It is mentioned in [3], [7], and [6]. 
Z would like to thank D. Hershkowitz for his useful remarks. 
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